Constraint-based modeling has been widely used on metabolic networks analysis, such as biosynthetic prediction and flux optimization. The linear constraints, like mass conservation constraint, reversibility constraint, biological capacity constraint, can be imposed on linear algorithms. However, recently a non-linear constraint based on the second thermodynamic law, known as "loop law", has emerged and challenged the existing algorithms. Proven to be unfeasible with linear solutions, this non-linear constraint has been successfully imposed on the sampling process. In this place, Monte -Carlo sampling with Metropolis criterion and Simulated Annealing has been introduced to optimize the Biomass synthesis of genome scale metabolic network of Helicobacter pylori (iIT341 GSM / GPR) under mass conservation constraint, biological capacity constraint, and thermodynamic constraints including reversibility and "loop law". The sampling method has also been employed to optimize a non-linear objective function, the Biomass synthetic rate, which is unified by the total income number of reducible electrons. To verify whether a sample contains internal loops, an automatic solution has been developed based on solving a set of inequalities.
INTRODUCTION
As a constraint-based model, Flux Balance Analysis (FBA) (1) has been used widely (2) to investigate the structure and functioning of metabolic networks. The flux vectors satisfying the steady-state hypothesis constitute a solution space, on which different constraints could be imposed to implement different objectives. The imposition of linear constraints, like physicochemical reversibility and biological capacity, could shape the solution space into a convex cone (3) , where linear programming can be used to optimize linear objectives, such as predicting the optimal growth rates (4), measuring ranges of achievable flux values (5) , and minimizing the stationary metabolic fluxes (6) . However, the imposition of non-linear constraints, or the optimization of non-linear objectives, requires other optimization methods than linear programming. At this point, sampling-based methods have the advantages in the imposition of non-linear constraints or optimization objectives, and have been employed in many fields of metabolic network analysis (7) . Besides, sampling-based methods are also convenient of applying post processing techniques (7) .
In this work, a Monte Carlo sampling-based process has been proposed to optimize the Biomass synthesis flux and Biomass synthetic efficiency of the genome-scale metabolic network of H. pylori (iIT341 GSM/GPR) (8) through sampling in the constrained solution space. Aside from the linear constraints above, a non-linear constraint, termed as the "Loop Law" (9) (10) , has also been imposed on the sampling process. After the imposition, the solution space has been separated into discontinuous sub-spaces, identified by the direction patterns of the reversible reactions in the loop, and the flux vectors in each of the sub-space could satisfy the constraint of "loop law" (10) (11) . For the discontinuity of the solution space, sampling method has successfully been employed to analysis the metabolic network of H. pylori (12) . As an advantage of sampling methods, the optimization of non-linear objective could be introduced as the process of searching the minima of an energy function (13) (14) . In our approach, Metropolis criterion has been introduced to optimize the Biomass production through the sampling process with Simulated Annealing technique (15) .
As a key negative feedback of Monte -Carlo sampling, there is currently no ideal method to measure the coverage (7) . For this reason, Artificial Centered Hit and Run (ACHR) algorithm (16) (17) has been used here to facilitate the sampling progress with multiple random start points. In addition, the consistency of those sample trajectories with different start point could be evaluated by calculating the Cumulative Mean Square Inner Product (CMSIP) (18) between each two trajectories. CMSIP can also be used to evaluate the convergence of sampling, by comparing the consistency of each two adjacent fractions of one entire trajectory.
To compensate the missing data of biological capacities of some certain reactions, the upper and lower flux boundary of these reactions are usually fixed artificially. As a consequence of that, the maximum value of Biomass synthesis flux would probably rely on these artificial constraints. One attempt to extenuate the reliance is flux minimization (6) , in which the flux value was unified by the Gibbs' Free Energy (ΔG).
However, collecting the ΔG data set of each substrate also stands as a challenge for a genome-scale network. In our method, the Biomass synthesis flux has been divided by the total amount of reducible electrons from all income fluxes, as a measure of the Biomass synthetic efficiency optimization.
Deeper investigation of the metabolic network has reaffirmed the necessity of flux minimization. Similar to the definition of internal loop, a new kind of pathway, the Futile Pathway, has been proposed here (Fig. 1 ). The Futile Pathways are self-balanced sub networks and contribute nothing to the Biomass synthesis, while the difference from internal loops is that the Futile Pathways include exchange reactions.
Most Futile Pathways, whose substrates contain reducible electrons, could be constrained during the optimization of Biomass synthetic efficiency. In contrast, the other Futile Pathways, or named Free Futile Pathways (FFP), can only be constrained by their biological capacities, and the existence of fluxes in these pathways might cover the correlations among other fluxes which indicate functional pathways (19) . As a post sampling processing, the fluxes in the FFP have been minimized by Linear Programming.
MATERIAL AND METHOD

System and Model
As a kind of notorious human gastric pathogen, H. pylori infection has been detected in more than half cases of gastric and duodenal ulcers (20) . The genome-scale metabolic network of the H. pylori strain 26695 has been reconstructed using the 
Network Preprocessing
Deleting the Zero Flux Reactions
The original model iIT341 GSM/GPR contains dead-end metabolites and zero fluxes (8) . One way to find these reactions is to calculate the maximum and the minimum values of every flux by Linear Programming (5),
where S stands for the stoichiometic matrix, R stands for the set of reactions, α k and β k denote the lower and upper bound of the k-th flux, respectively. The v i which is always tightly constrained to zero reflects that the i-th reaction contains at least one dead-end metabolite. Deletion of these reactions and the dead-end metabolites would reduce the dimension of the stoichiometric matrix and the size of solution space.
Locating the Internal Loops
Prior to avoiding the existence of fluxes in the internal loops, the combinations of those reactions that are capable of forming loops must be located first. As described above, the internal loops do not contain exchange fluxes (11) . For this character, the set of exchange reactions, noted as R ex , were forced to zero in order to make the system closed. After that a Linear Programming was performed to find the maximum and minimum allowable fluxes on the remained reactions, each at a time (5) .
Here the bar over a set means its complementary set. From the results, the fluxes of the reactions that are unable to form loops were constrained to zero while others were not, and these non-zero reactions may form one or several loops. To determine the least reactions for each loop, another Linear Programming is needed. would help us to identify each of these loops.
Finding Feasible Direction Patterns
A loop is an set of reactions, noted as R loop , which compose a sub-network that could 
Here R rev denotes the set of reversible reactions and the vector u represents the set of virtual chemical potential of the metabolites. If the set of inequality is solvable under a specific direction pattern, there must be a set of feasible chemical potentials for the metabolites to satisfy the "Loop Law", which means this pattern cannot form loop.
Monte-Carlo sampling
The Sampling Space and Method
Given the stoichiometric matrix S, with m rows and n columns, if the rank of S is smaller than n, there is a null space (16, 21) Artificial Centered Hit and Run (ACHR) method (16-17) was adopted in the sampling progress. For each sampling step in the null space that is constrained by α and β, given the current point and direction, a line could be drawn through the point along the positive and negative direction. The line was truncated into a segment by the surfaces of the constrained null space, and the next coordinate was generated randomly on this line segment.
To impose the constraint of "loop law", the flux vector which contains unfeasible direction pattern(s) will not be recorded.
Definition of the Energy Function
To optimize the Biomass synthesis, the negative value of the Biomass flux was assumed as an energy function:
Then the optimization turned into the minimization of E, and the Metropolis criterion (22) was employed to find the minima of the energy function. When moving every single step in the sampling space, the energy change would be calculated. If the new energy is lower than the old one, the new coordinate would be recorded and the next step would be started from the new coordinate. Otherwise, the acceptance rate p would be calculated:
Here ΔE is the energy change by moving every single step in the sampling, and T is a heuristic temperature parameter which controls the variation range of E around the minimum. The new coordinate would be accepted by the rate p, while by the rate (1 -p) it would not be recorded and the next step would start from the old coordinate.
Imposition of the Simulated Annealing
For gaining evaluations before choosing acceptance rate and temperature parameter, a random uniform sampling would be performed for certain steps without any rejections, and the energy alternation for each step would be recorded. The initial temperature T 0 was chosen as follows (23) (24) :
Here, p 0 is the initial acceptance rate and arbitrarily set to 0.99 to ensure an adequate searching space, n 1 and n 2 are the numbers of steps in which energy alternations are negative and positive, respectively. Therefore, ΔE + represents the average energy change for the steps which cause energy rise.
As an imposition of Simulated Annealing (15), the temperature parameter would be declined to 95% of its previous value after certain steps.
Optimization of the Biomass Synthesis Efficiency
However, the previous energy function Eq. 10 disregarded the efficiency of Biomass synthesis, which means that the optimization might be based on a larger amount of the metabolic substrates consumption. To define a criterion to measure the Biomass synthesis efficiency, the Biomass flux was divided by the total amount of reducible electrons in the substrate influxes, and the energy function was modified as:
Here R red denotes for the set of exchange reactions whose substrates contain reducible electrons, and e i is the number of reducible electrons of its corresponding substrate.
For example, a glucose molecule has 24 reducible electrons compared to its final oxidized products, water and carbon dioxide.
Consistency of the Sampling Space
To evaluate the spatial consistency between each two sample tracks, the Cumulative Mean Square Inner Product (CMSIP) (18) was calculated between the eigenvectors of each two sample tracks:
Here, and ε To minimize the futile fluxes (fluxes in these FFP) in a certain sample track, a Linear Programming based algorithm was developed: 
RESULT AND DISCUSSION
The Result of Preprocessing
Through the Linear Programming Eq. 1, the flux values of 53 reactions were tightly forced to zero, and afterwards they have been deleted along with the dead-end metabolites.
Through the Linear Programming Eq. 2 and Eq. 3, six internal loops have been located in the original network. Comparing to other methods, such as analyzing extreme pathways and searching for type III pathways (11, 25) 
The Result of Monte -Carlo Sampling
Optimization of the Biomass Synthesis Flux
A series of random sampling was performed with imposition of "loop law" and the energy function Eq. 9. Five sample trajectories have been recorded with different random initial points in the sample space, which are chosen by using Linear Programming in a size-shrunk solution space (16) . Each trajectory has been recorded into 100,000 samples with an interval of 100 steps, and the temperature parameter 
Optimization of the Biomass Synthetic Efficiency
As a non-linear objective function (Eq. 13), the Biomass synthetic efficiency could not be optimized by Linear Programming. The sampling method here is similar to that in the previous section, but different in declining temperature every 5,000 samples.
The results of Biomass synthetic efficiency were shown in Fig. 5, and 
The Effect of Free Futile Flux Minimization
By using linear programming methods, 15 groups of Free Futile Pathways have been discovered with a total number of 71 reactions. The reactions of EX_co2(e), EX_h2o(e), CO2t and H2Ot participate in all the 15 groups, which serve as tunnels of water and carbon dioxide. The reactions of EX_h(e), EX_nh4(e), EX_urea(e), NH4t, UREAt and UREA participate in 14 groups, which serve as tunnels of ammonia and urea. As a result of that, the 15 groups of FFP could be categorized into two types.
The Type I FFP are proton -independent and only contains a carbon acid synthesis pathway (Fig. 9 A) in this network, and the Type II FFP are coupled with combinations of proton -driven reactions (Fig. 9 B) , which serve as proton tunnels. Sample ( x 10,000 ) Biomass Synthetic Efficiency 
